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The physics of Feshbach resonance is analyzed using an analytic expression for the s-wave scat-
tering phase-shift and the scattering length a which we derive within a two-channel tight-binding
model. Employing a unified treatment of bound states and resonances in terms of the Jost func-
tion, it is shown that for strong inter-channel coupling, Feshbach resonance can occur even when the
closed channel does not have a bound state. This may extend the range of ultra-cold atomic systems
that can be manipulated by Feshbach resonance. The dependence of the sign of a on the coupling
strength in the unitary limit is elucidated. As a by-product, analytic expressions are derived for
the background scattering length, the external magnetic field at which resonance occurs, and the
energy shift ε− εB, where ε is the scattering energy and εB is the bound state energy in the closed
channel (when there is one).
Introduction.— Feshbach resonance (FR) enables manipulation of the interactions between ultra-cold atoms, e.g.,
it allows a repulsive gas to be transformed into an attractive one and vice-versa [1–7], as in a BEC-BCS crossover [8].
The paradigm of FR, as in the low energy collision of two ultra-cold atoms, involves the coupling of an open channel,
o, and a bound state at energy εB in (another) closed channel, c, giving rise to resonant variations of the s-wave
scattering length a [4]. This resonance occurs when εB ≈ ε where ε is the scattering energy, namely, when the energy
of the closed channel bound state is close to the threshold of the open channel. This condition can be experimentally
implemented by varying an external parameter, such as a static magnetic field B, so that the bound state energy is
swept through resonance. As we show below, this paradigm can be extended to the case where the closed channel
does not have a bound state.
FR is usually formulated as a two-channel scattering problem, which establishes the relation between the bare
parameters of the scattering problem (electronic potentials, coupling strength, scattering energy and external fields)
and the physically relevant observables (e.g., the scattering length versus external field, a(B), the bound states of
the coupled system, etc.). In this context, it is useful to consider a two-channel model that allows the derivation of
analytical expressions of these observables in order to elucidate their relation to the bare parameters. Such a model
is not intended to analyze a specific system in detail in which the intra-channel potentials and the inter-channel
coupling have a definite form appropriate for the system under study. Rather, it should be sufficiently general and
simple and, at the same time, encode the underlying physics. The basic ingredients of a two channel s-wave scattering
problem designed to analyze a FR include: (1) The intra-channel potentials vo(r) of the open channel and vc(r) of
the closed channel (here r is the distance between the two atoms). (2) The inter-channel coupling potential w(r)
(for simplicity we take a constant coupling strength τ). (3) An external tunable parameter controlling the energy
difference v ≡ vc(r)−vo(r) as r →∞. Experimentally, v is often tuned by varying an external magnetic field, v = αB,
where the constant α depends on the specific system. Thus, knowing the value v = v0 for which the system has a FR
is equivalent to finding the magnetic field B0 at which the scattering length is infinite.
Our main objective here is to show that FR can occur even when the closed channel does not have a bound state,
or even when the atom-atom potential in this channel is repulsive. The motivation for addressing this question is
evident: this will demonstrate that systems for which a transition from an attractive gas of atoms to a repulsive gas
are feasible even for systems for which vc(r) does not support a bound state. Using a simple model, we show that
this is indeed the case; it is possible to obtain a FR and a bound state of the coupled-channel system for large enough
coupling τ of the closed and open channels, even when there is no bound state in the closed channel. As a by product,
analytic expressions are derived for the basic physical observables related to FR in terms of the parameters of the
scattering problem and a unified treatment of bound states and resonances is carried out in terms of the Jost function.
The two-channel scattering problem.— The s-wave two-channel scattering problem between two atoms a distance
2r can be mapped onto a single-particle scattering problem in the center of mass coordinate system governed by the
Schro¨dinger equation (in abstract form),(
Ho w
†
w Hc
)(
uo
uc
)
= ε
(
uo
uc
)
= k2
(
uo
uc
)
. (1)
Ho = − d2dr2 +vo(r) and Hc = − d
2
dr2 +vc(r) are the Hamiltonians (in r space) for the open and closed channels composed
of the kinetic energy operator and intra-channel potentials vo and vc, and ε = εk = k
2. The open and closed channels
are coupled by the potential w(r). The boundary conditions satisfied by the closed and open components of the exact
wave function are uo(0) = uc(0) = 0, uc(r)r→∞ = Ae
−κr, and uo(r)r→∞ = B sin[kr+δ(k)]. Here κ(εk) > 0, A and B
are energy dependent constants and δ(k) is the scattering phase shift. The s-wave scattering length is given by
a = − lim
k→0
tan δ(k)
k
, (2)
In the standard picture of FR, the closed channel, when uncoupled from the open channel, is assumed to have a
bound state |B〉 at energy εB < vc(∞) and continuum states, {|p〉} at energies {ǫp > vc(∞)}. The scattering
states of Ho are defined as Ho|k〉 = ε|k〉 = k2|k〉 (assuming vo(∞) = 0 for simplicity). Eliminating |uc〉 from
the set of coupled equations (1) results in a single equation for |uo〉, [Ho + veff(ε)]|uo〉 = ε|uo〉, with an effective
potential, veff(ε) = wGc(ε)w
†, where Gc(ε) = (ε−Hc)−1. The T matrix associated with veff(ε) is formally given by
T (ε) = [1−Go(ε)veff(ε)]−1, and, by definition, a = −C limk→0〈k|T (ε)|k〉, where C > 0 is a kinematic constant.
For example, a particularly simple model takes vo(r) and vc(r) to be spherical square wells of range R, while w(r)
couples the two channel only at R. Explicitly,
vc(r) = vΘ(r − R) + (v −∆)Θ(R− r)
vo(r) = −ΛΘ(R− r), w(r) = τ δ(r −R), (3)
where τ is the coupling strength. Despite being a simple model, an exact solution of the scattering problem requires
solving a set of coupled transcendental equations. Its numerical solution [10] confirms the analytical results obtained
within the tight-binding (TB) model to which we now turn.
Tight-Binding Model.— Starting from the continuous model, we discretize the radial coordinate, r → n, where
n > 0 is an integer, and replace − d2dr2 by a second-order difference operator [9]. In second quantization it translates as
a hopping term, −(∑n≥1 a†nan+1+h.c.), where an and a†n are the annihilation and creation operators of the scattered
particle on the positive integer grid-sites n > 0. The potentials are,
vc(n) = (v −∆)δn,1 + vΘ(n− 1),
vo(n) = −Λδn,1, w(n) = τδn,1. (4)
After treating the closed and open channels separately, we will solve the coupled-channel scattering problem.
The Hamiltonian of the closed channel is,
Hc = (v −∆)a†1a1 +
∑
n>1
[v a†nan − (a†nan−1 + h.c.)]. (5)
If the well-depth ∆ > 0, the potential is attractive at site n = 1. The potential height v for n > 1 is experimentally
tunable (e.g., via magnetic field). Let fn be the amplitude of the wave function at site n. For a bound state with
binding energy εB, fn = Ac e
−κ(n−2) (n > 1) with κ > 0 and Ac is a constant. Therefore, for n > 1 (i.e., outside the
range of the attractive potential), f2 = A, f3 = Ae
−κ and εB = v − 2 coshκ). Simple manipulations yield,
κ = log∆ > 0 ⇒ ∆ ≥ 1, εB = v −
[
∆+
1
∆
]
. (6)
Thus, there is a threshold potential depth ∆ > 1 for having an s-wave bound state. A similar scenario occurs also
in a 3D continuous geometry, in contradistinction to symmetric 1D or 2D potentials, where any attractive potential
of whatever strength supports a bound state. In the model treated here, at most one bound state can occur [11].
An artifact of the TB model is that for a repulsive potential with ∆ < −1, the closed channel does have a bound
state above the upper band edge [12]. To avoid this, we will restrict the potential depth to ∆ > −1. To summarize,
for ∆ > 1 the closed channel has a bound state while for 1 > ∆ > 0, vc is attractive but there is no bound state.
Moreover, for 0 > ∆ > −1, vc is repulsive and there is no bound state.
3For the open channel we use b†n and bn as creation and annihilation operators. The Hamiltonian is,
Ho = −Λb†1b1 −
∑
n≥1
(b†n+1bn + h.c.). (7)
For Λ > 1 the open channel has a bound state, for 1 > Λ > 0, vo is attractive, but there is no bound state, whereas for
0 > Λ > −1, vo is repulsive and there is no bound state. The wave function on site n ≥ 1 is gn = Ao sin[k(n−1)+δ(k)],
where Ao is a constant. The continuous spectrum is a band of energies,
εk = −2 cosk , ⇒ −2 ≤ εk ≤ 2, (8)
so that the lowest threshold for propagation is εk=0 = −2.
Now, consider the coupled-channel system. The Hamiltonian is,
H = Hc +Ho + τ(a
†
1b1 + h.c.) . (9)
In a scattering scenario, the effective particle approaches the “origin”, n = 0, in the open channel from right to left
at a given energy, εk = −2 cosk, and is reflected back (rightward) into the open channel. The reflection amplitude,
equivalently the S matrix, is S = e2iδ(k), where δ(k) is the s-wave phase shift from which a is computed as in Eq. (2).
fn and gn are the amplitudes of the wave function on site n for the closed and open channels respectively [analogous
of uc(r) and uo(r) in the continuous model]. The “asymptotic” forms of fn and gn are,
fn = Ace
−κn, gn = sin[k(n− 1) + δ(k)], (n > 1), (10)
where κ is related to εk as, 2 coshκ = v − εk ≥ 2. Thus, the “non-leakage” condition, v − εk > 2, guarantees that
propagation in the closed channel is evanescent. Unlike Eq. (34d), here κ is independent of the depth ∆ of vc.
Solution.— Solving the TB equations we obtain a relatively simple expression for tan δ(k), independent of sgn(τ).
Writing tan δ(k) = N/D and q(v, k) =
√
(v − εk)2 − 4, we find
N(k, τ, v,∆,Λ) = {2τ2 + Λ[v − εk + q(v, k)− 2∆]} sink,
D(k, τ, v,∆,Λ) = q(v, k) + v − 2∆+ (τ2 − 1)εk
+Λ[(2∆− v) cos k − q(v, k) cos k − cos 2k − 1]. (11)
Because N(k, ...) = −N(−k, ...) and D(k, ...) = D(−k, ...), δ(−k) = −δ(k) + nπ (n = integer). Extracting δ(k) from
tan δ(k) requires a reference; in the continuum version, δ(∞) = 0, but in TB, “∞” refers to k = π.
Next we find at what potential v = v0(τ,∆,Λ) we arrive at a FR as k → 0. This is equivalent to finding the
value of the magnetic field B0 for which there is a FR and |a| → ∞ (an experimentally relevant challenge). Because
N(0, ...) = 0, a necessary condition on v0 for achieving |a| = − limk→0[| tan δ(k)|/k] = ∞ is D(0, τ, v0,∆,Λ) = 0.
From Eq. (11) we easily obtain,
v0(τ,∆,Λ) =
[Λ− 1 + τ2 +∆(1 − Λ)]2
[∆(1− Λ) + τ2](1− Λ) . (12)
Equation (11) is also a sufficient condition for |a| =∞ because D(k, τ, v0,∆,Λ) vanishes as k2 when k → 0. Therefore,
when v = v0, the denominator D in Eq. (11) vanishes faster than the numerator N ∝ sink (see Sec. III of the
supplementary material), and thus, |a| → ∞. Hence, for a given τ,∆,Λ, one can tune v → v0(τ,∆,Λ), Eq. (12), in
order to achieve a FR [equivalently, | tan δ(0)| =∞].
The discussion following Eq. (9) dictates that v0 must be positive in order to guarantee the non-leakage condition
of the closed channel as discussed after Eq. (10). Inspecting the expression (12) for v0, we see that it is reasonable to
constrain Λ < 1. Under this condition, the open channel potential is attractive (equivalently, Λ > 0) but it does not
support a bound state (Λ < 1).
In order to substantiate our main result we need to understand the relationship between the occurrence of bound
states in a coupled-channel system and FRs. A uniform treatment of resonances and bound states of the coupled-
channel system is achievable in terms of the Jost function. For v 6= v0(τ,∆,Λ) [Eq. (12)], resonances and/or bound
states of the coupled system exist for ε 6= −2. To explore this regime we use the Jost function, defined (for fixed
τ,∆,Λ) as,
f(k, v) ≡ D(k, τ, v,∆,Λ)− iN(k, τ, v,∆,Λ). (13)
4The S matrix is given in terms of the Jost function as, S = e2iδ = (1 + i tan δ)/(1 − i tan δ) = f(−k, v)/f(k, v).
The Jost function in ordinary potential scattering is discussed in textbooks on scattering theory, e.g. [14], but here
it is formulated and exactly calculated for a ‘non-ordinary’ scattering problem with an effective energy-dependent
potential. Considered as a function of the complex variable z = k + iq (0 ≤ k ≤ π, −∞ < q < ∞), f(z, v), is well
defined on the imaginary z axis, z = iq, where it is real. Solving f(iq, v) = 0 gives the position q(v) that is a pole of
the S matrix on the imaginary axis in the z plane. An s-wave bound state appears as an isolated zero of f(iq, v < v0)
with q > 0, whereas an s-wave resonance appears as an isolated zero of f(iq, v > v0) with q < 0. In both cases, the
energy equals −2 cosh q < ε0 = −2 (namely, below the continuum threshold), but, strictly speaking, the resonance
energy is located on the second Riemann sheet in the complex energy plane. Finally, a FR is a zero of f(iq, v0)
occurring at q → 0. Thus, a small upward shift of vc turns a zero-energy bound state at q = 0+ into a zero-energy
(Feshbach) resonance at q = 0−.
We are now in a position to derive our main result. Equation (12) shows that for fixed 0 < Λ < 1, it is possible to
modify ∆ → ∆′ and τ → τ ′ in such a way that τ ′2 = τ2 + (∆ −∆′)(1 − Λ), without affecting v0. We employ this
property for the case ∆ > 1 (the closed channel has a bound state) and ∆′ < 1 (no bound state in the closed channel),
or even −1 < ∆′ < 0. The equality v0(τ,∆,Λ) = v0(τ ′,∆′,Λ) guarantees that in both cases FR exists as is evident
from Fig. 1 and as is explained in the caption. However, only the case ∆ > 1 is commensurate with the paradigm of
the FR spelled at the introduction, according to which a bound state in the closed channel is responsible for FR.
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FIG. 1: Phase shift δ(k) versus k, Eq. (11). Solid curve: τ = 2, ∆ = 1.1 > 1,Λ = 0.2 (the closed channel has a bound state).
Dashed curve: τ = 2.227,∆ = −0.1 < 0,Λ = 0.2 (the atom-atom potential in the closed channel is repulsive). In both cases
v0(τ,∆,Λ) defined in Eq. (12) is equal to 4.264 and δ(0) = pi/2, implying a FR. The curves are virtually identical for small k
because v0 is determined by the phase shift near k = 0.
This somewhat unexpected result is not an artifact of the TB model. In the supplementary material we present
a formal proof for a continuous model and substantiate it numerically. To get a simpler (albeit intuitive) physical
picture, consider the equation for the open channel [Ho + veff(ε)]ψo = εψo where veff(x) = w(x − Hc)−1w†. If Hc
has only a continuous spectrum starting at ǫ0 > 0 (i.e., Hc does not have a bound state), then for every x < 0 we
have veff(x) = −w[
√
Hc − x
√
Hc − x]−1w† that is a negative definite hermitian operator. Thus, veff(x) is a non-local
attractive potential. By properly tuning the coupling strength τ2 it is possible to get a zero-energy bound state for
x = ε = 0−. As indicated in the discussion of the Jost function above, a small upward shift of the closed channel
potential vc moves a zero-energy bound state into a zero-energy resonance, i.e., a FR. Summarizing, the physical
picture of this new type of FR is as follows: A strong coupling leads to a zero-energy bound state in the equation of
the open channel alone (that includes an attractive potential veff). Then, a slight upward shift of the closed channel
potential turns this zero-energy bound state into a FR.
Right at FR, |a| = ∞. Properties of a unitary gas, where |a| ≈ ∞, are of great interest in cold atom physics
[15]. Direct analysis of Eq. (11) (see Sec. III of the supplementary material) shows that the unitary gas is attractive
or repulsive depending upon the coupling strength τ . Specifically, there exists a threshold τ0 such that at the FR,
a = −∞ (+∞) for τ > τ0 (τ < τ0).
Finally, we use our analytic results within the TB model to derive explicit expressions for several important quanti-
ties related to FR. The simple expressions for these quantities teach us directly how these physical observables depend
on the parameters v,∆,Λ and τ .
(1) The functional dependence of a on v (that is proportional to the applied magnetic field B) is of utmost importance.
5Using expression (11) and the definition (2) we immediately obtain,
a(v) =
2τ2 + Λ[2(1−∆) + v + q(v, 0)]
2[1−∆(1− Λ)− (τ2 + Λ)] + [v + q(v, 0)](1− Λ) . (14)
For v ≈ v0, a(v) diverges as a(v) ∝ 1/(v − v0) where the proportionality constant is easily calculated.
(2) Another important quantity is the magnetic field B1 at which the scattering length vanishes, and a changes sign
without being singular (recall that v = αB). For an atomic gas, whose interaction is given to lowest order by a
pseudo-potential, this means a change from a repulsive gas to an attractive one (or vice versa). v1, the solution of
a(v1) = 0 is given by, v1 = − [Λ(1−∆)+τ
2)]2
Λ(τ2−∆Λ) . Due to the non-leakage condition we must have v1 > 0. Hence, a(v)
vanishes only when ∆Λ > τ2.
(3) It is sometimes useful to partition the s-wave scattering length into two terms, a = abg + ares where abg is the
contribution from the open channel alone and ares is the contribution due to coupling between the closed and open
channels. By definition, abg = − limk→0[tan γ(k)/k] where γ(k) is the phase shift for scattering from the open-channel
potential vo(n) = −Λδn,1. The result is,
tan γ(k) =
Λ sink
1− Λ cosk ⇒ abg = −
Λ
1− Λ . (15)
(4) Of special interest is the energy shift ∆ε = εB − ε0 between the bound state energy of the closed channel (when
uncouple) and the scattering energy. ε0 = −2 at threshold. A FR occurs when v → v0 as defined in Eq. (12). For
v = v0 the closed channel, when uncoupled, has a bound state at energy εB = v0 − (∆ + 1/∆) [for ∆ > 1, see
Eq. (34d)]. Using this result implies,
∆ε = εB + 2 =
τ2[(1− Λ)(∆2 − 1) + ∆τ2]
(1− Λ)[∆(1− Λ) + τ2] . (16)
For ∆ > 1 and Λ < 1 we have ∆ε > 0.
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6Supplementary Material for “Feshbach Resonance without a Closed Channel Bound-State”
Here we reinforce the main of the Letter, that a zero energy Feshbach resonance (FR) and a bound-state of the
coupled (closed and open channel) system occur also when the closed channel does not have a bound-state. This
material contains two parts that complement each other. First we consider the model described by Eq. (3) of the
Letter (albeit with Λ = 0) and solve it exactly, arriving at the main result as claimed above. Then we treat a general
model of coupled channel s-wave scattering and show that if the spectra of the open and closed channels have only
continuous parts, the on-shell matrix element of the scattering matrix is singular at zero energy, implying the existence
of a FR even when there is no bound-state in the closed channel. These two complementary analyses provide another
substantiation of this unexpected result, and show that it is not an artifact of the tight-binding model.
In the last section we elaborate upon the relation between the sign of the s-wave scattering length at resonance and
the strength of the coupling between the open and closed channel, as discussed in the main text.
I. SOLUTION OF THE MODEL DEFINED BY EQ. (3) WITH Λ = 0
We consider the exact wave function whose open and closed channel components, g(r) and f(r), vanish at the
origin, r = 0. The potential of the open channel is zero, and the closed channel potential is given by
vc(r) =
{
v > 0 (r > R),
u = v −∆ (r < R). (17)
where we use units so that ~ = 2m = 1. Here ∆ is the depth of the closed channel potential, that is fixed by the
atom-atom potential. The asymptotic closed channel potential v is experimentally tunable. The two channels are
coupled by a potential w(r) = τδ(r −R) of strength τ at point r = R.
Within the s-wave scattering problem, a particle in the open channel approaches the origin r = 0 at scattering
energy ε = k2 and scattered back after gaining a phase-shift δ(k). Our main focus is the small k behavior of δ(k),
and in particular, the s-wave scattering length,
a ≡ − lim
k→0
tan δ(k)
k
. (18)
To obtain the correct asymptotic form of g(r), we require that k2 < v. This is the “non-leakage” condition; otherwise
the closed channel is asymptotically open. We also want to include the two cases where the closed channel potential
vc(r) can be either attractive or repulsive, i.e., ∆ can be either positive [attractive vc(r)] or negative [repulsive vc(r)].
Accordingly we define,
κ(k) ≡
√
v − k2 > 0, α(k) ≡
√
k2 − u ≡
√
k2 − v +∆, (u < k2), β(k) ≡
√
u− k2 ≡
√
v −∆− k2, (u > k2). (19)
The scattering problem requires the solution of the coupled Schro¨dinger equations,
− d
2
dr2
f(r) + τδ(r −R)g(r) + [vc(r) + k2]f(r) = 0, f(0) = 0, (20)
− d
2
dr2
g(r) + τδ(r −R)f(r) + k2g(r) = 0, g(0) = 0. (21)
with the following boundary conditions.
f(r) =


Afe
−κr (r > R)
Bf sinαr (r < R, u < k
2),
Bf sinhβr (r < R, u > k
2),
g(r) =
{
Ag sin(kr + δ) (r > R)
Bg sin kr (r < R),
(22)
The four equations for the components of the vector X ≡ (Af , Bf , Bg, Ag) of unknown coefficients are obtained by
matching the wave function and its derivative at r = R,
f(R+) = f(R−) ⇒ Af e−κR −Bf sinαR = 0, (23a)
−f ′(R+) + f ′(R−) + τg(R) = 0 ⇒ Afκe−κR +Bfα cosαR + τBg sin kR = 0, (23b)
−g′(R+) + g′(R−) + τf(R) = 0 ⇒ −Agk cos(kR+ δ) +Bgk cos kR+ τBf sinαR = 0, (23c)
g(R+) = g(R−) ⇒ Ag sin(kR+ δ)−Bg sinkR = 0. (23d)
7Using trigonometric identities and dividing all coefficients by Ag cos δ we obtain,
Af e
−κR −Bf sinαR = 0, (24a)
Afκe
−κR +Bfα cosαR + τBg sin kR = 0, (24b)
−k cos kR+ k sin kR tan δ +Bgk cos kR+ τBf sinαR = 0, (24c)
sin kR+ cos kR tan δ −Bg sin kR = 0. (24d)
Denoting Y ≡ (Af , Bf , Bg, tan δ), this can be written as a set of four linear inhomogeneous equations, M(q)Y = U :
M(q) =


e−κR − sinαR 0 0
κe−κR α cosαR τ sin kR 0
0 τ sinαR k cos kR k sinkR
0 0 − sin kR cos kR

 , U =


0
0
k cos kR
− sinkR

 . (25)
The above set of equations assumes k2 > u = v−∆, namely α = √k2 − u = √k2 +∆− v ∈ R. Otherwise, α→ iβ is
pure imaginary. It is easy to check that the solution for tan δ(k) remains real in both cases as long as k2 < v, i.e., the
condition that the closed channel is indeed closed. Simple algebraic manipulations yield the following close expression
for tan δ(k),
tan δ(k) =
τ2 sinkR
D
, (26)
where we have defined
D(k, v,∆, τ) = γ(k)[F (k) + κ(k)]− τ2 cos kR, F (k) =
{
α(k) cot[α(k)R] (k2 > u),
β(k) coth[β(k)R] (k2 < u),
(27)
and γ(k) ≡ k/ sinkR→ 1/R as k → 0.
FR at Threshold
A FR at threshold occurs if and only if,
| tan δ(0)| =∞, (28)
This is a slightly modified definition of zero energy resonance related to Levinson’s theorem in potential scattering
[1–3]. The modification is twofold. First, we do not require δ(∞) = 0, as in the formulation of Levinson’s theorem,
because taking k2 → ∞ implies that the closed channel leaks current. Therefore, the scattering energy is bounded
by k2 < v as stated above. In this region, δ(k) is a monotonic function of k and δ(0) = (n + 1/2)π/2, where n is
an integer (it can also be negative). The second modification is that there are situations where δ(0) = −π/2 and[
dδ(k)
dk
]
k=0
> 0. Consequently, a = +∞. This feature is not encountered in ordinary potential scattering. Following
the definition (18), a = −sgn δ(0)×∞.
The tunable parameter in this model that drives the system into a FR, is the potential v. Our first task is then to
find the value v = v0(∆, τ) for which D vanishes at k = 0. Following Eq. (27) we then have to solve the transcendental
equations
√
∆− v cotR
√
∆− v +√v − Rτ2 = 0 (v < ∆), (29a)√
v −∆cothR
√
v −∆+√v −Rτ2 = 0, (v > ∆). (29b)
These equations can be solved graphically. Tuning v → v0(∆, τ) is obviously a necessary condition for FR at threshold.
Now we show that it is a sufficient condition for | tan δ(0)| =∞. Consider the function
d(k; ∆, τ) ≡ D(k, v0(∆, τ),∆, τ). (30)
d(k) is an even function of k and, by definition d(0) = 0, and therefore, for small k, d(k) ≈ 12d′′(0)k2. Following the
expression (27) for tan δ(k) we then have for small k the following two possibilities:
8(1) If v 6= v0(τ,∆) then D(0, v,∆, τ) 6= 0 and tan δ(0) = 0, ⇒ δ(0) = nπ, n = 0,±1, . . ..
(2) For v = v0(∆, τ) we have tan δ(k) ≈ 2τ2 sin kR/(d′′(0)k2)⇒ | tan δ(0)|=∞, ⇒ δ(0)=(n+ 12 )π, n=0,±1, . . ..
To prove that FR may exist even when the closed channel does not have a bound-state we recall the elementary
analysis of the Schro¨dinger equation for spherical square well of depth ∆ and range R. The first bound-state enters
when 4∆R2 = π2. Once we choose parameters such that 4∆R2 < π2 and get |δ(0)| = π/2 our task is complete. This
is indeed the case: The phase-shift δ(k) obtained from the solution of the scattering problem with 4∆R2 < π2 that
has δ(0) = π/2 is shown in Fig.2(c). This indicates that there is a FR even when the uncoupled closed channel does
not have a bound-state.
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FIG. 2: Continuum model with R = 1,∆ = 1, τ 2 = 3.0. (a) Graphical solution of equation (29b) yielding v0 = 2.4378 > ∆.
(b) d(k) defined in Eq. (30), as function of k, showing d(0) = 0 and d′′(0) > 0 namely d(k) ≈ Ck2 for small k where
C = (1/2)d′′(0) > 0. (c) Phase shift δ(k) as function k. The fact that δ(0) = pi/2, indicates a FR at threshold. Note that
4∆R2 = 4 < pi2, namely, the closed channel (when uncoupled) does not have a bound-state. And yet, there is a FR in the
coupled systems.
Bound-States of the Coupled System
Next we consider the bound-state in the continuum model specified by Eqs. (20) and (21) and show that there are
bound-states of the coupled system even if the closed channel potential is repulsive. To show this, we need to solve
the coupled Schro¨dinger equations and find a negative energy eigenvalue and square integrable wave function,
− d
2
dr2
f(r) + τδ(r −R)g(r) + [vc(r) + q2]f(r) = 0, f(0) = 0, (Equation for the closed channel wave function),
− d
2
dr2
g(r) + τδ(r −R)f(r) + q2g(r) = 0, g(0) = 0, (Equation for the open channel wave function), (31)
where −q2 = εB < 0 is the bound-state energy. Denoting
κ ≡
√
v + q2 > 0, α ≡
√
u+ q2 ≡
√
v −∆+ q2 (either positive or pure imaginary), (32)
We have
f(r) =
{
Af e
−κr (x > R)
Bf sinhαr (r < R),
, g(r) =
{
Age
−qr (x > R)
Bg sinh qr (r < R),
(33)
Now we obtain four homogeneous equations for the components of the vector X ≡ (Af , Bf , Bg, Ag) of unknown
coefficients by matching the wave function and its derivative at r = R,
−f ′(R+) + f ′(R−) + τg(R) = 0 ⇒ Afκe−κR +Bfα coshαR+ τAge−qR = 0, (34a)
f(R+) = f(R−) ⇒ Afe−κR −Bf sinhαR = 0, (34b)
g(R+) = g(R−) ⇒ Age−qR −Bg sinh qR = 0, (34c)
−g′(R+) + g′(R−) + τf(R) = 0 ⇒ Agqe−qR +Bgq cosh qR+ τAf e−κR = 0. (34d)
9Writing this set of equations as M(q)X = 0 the matrix M(q) is given by,
M(q) =


κe−κR α coshαR 0 τe−qR
e−κR − sinhαR 0 0
0 0 − sinh qR e−qR
τe−κR 0 q cosh qR qR−qR.

 (35)
A zero of the determinant at qB > 0 indicates a bound-state of the coupled system with bound-state energy εB = −q2B.
An example is given in Fig. 3.
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FIG. 3: Det[M(q)] as function of q, whereM(q) is given in Eq. (35). The parameters used are (v, u, τ, a) = (4, 4.2, 3, 1). Note
that v − u = −0.2, so that the spherical well vc(r) of the closed channel is repulsive (it has negative “depth” ∆ = v − u). And
yet, the coupled system has a bound-state at energy EB = −q
2
B where qB ≈ 0.81. Performing graphical evaluation of v0 for
the relevant parameters [as in Fig. 2(a)] we find that v ≪ v0, i.e., the bound-state occurs for v < v0 as it should be.
II. THE MODEL DEFINED BY EQ. (1): SINGULARITY OF THE T MATRIX
We now examine a general two coupled-channel s-wave scattering problem in a 3D continuous geometry in which
the open and closed channel have only a continuous spectrum. Under these conditions we prove, that this striking
result is not an artifact of the TB model or of any other specific model. For this purpose, it is convenient to use the
language of formal scattering theory without resorting to a specific representation. Let Ho and Hc denote the Hilbert
spaces for the open and closed channel respectively. The corresponding Hamiltonians, Ho and Hc, act in Ho and Hc,
whereas the coupling term w can be considered as a mapping from Ho to Hc. For a given scattering energy ε, the
corresponding Green’s functions are denoted as Go(ε) = (ε+ iη −Ho)−1 and Gc(ε) = (ε+ iη −Hc)−1 where η → 0+
guarantees the proper outgoing asymptotic conditions of the scattering states in configuration space.
Starting from Eq. (1) of the main text and eliminating the closed channel component uc we obtain a single equation
for the open channel component uo ∈ Ho with an effective (energy dependent) potential veff ,
[Ho + veff(ε)]uo = εuo, veff(ε) = w
†Gc(ε)w. (36)
The T matrix associated with veff(ε) is,
T (ε) = veff(ε)[1 −Go(ε)veff(ε)]−1. (37)
To get the scattering length from the T matrix we denote by {|k〉} and {ek ≥ 0} the set of eigenstates and
eigenvalues belonging to the continuous spectrum of Ho (recall that in general, Ho may also have a discrete spectrum).
By definition, the s-wave scattering length is given by,
a = −C lim
ek→0
〈k|T (ek)|k〉, (38)
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where C > 0 is a kinematic constant. Accordingly, an infinite |a|, the hallmark of a FR, implies a singularity of the
on-shell T matrix element as ek → 0. Our goal of proving that there is a FR even when the closed channel does not
have a bound-state will be achieved by verifying the existence of a singularity of the T matrix.
Let us first inspect the case where the closed channel does have a bound-state |B〉 with binding energy εB. (Recall
that εB is tunable, e.g., by a magnetic field). The occurrence of FR is then dominated by this bound-state as discussed
in Ref. [4] where it is assumed that Gc(ε) = |B〉〈B|/(ε − εB). The singularity of veff(ε) at ε = εB is slightly shifted
upward in the T matrix denominator due to virtual transitions to the open channel subspace (self energy). This is
the reason that, usually, FR occurs at zero scattering energy ε = 0+ for εB > 0 as discussed in the main text.
Now suppose that both Hc and Ho only have a continuous spectrum, {ǫp ≥ vc(∞) > 0} (eigenvalues of Hc) and,
as already specified, {ek ≥ 0} (eigenvalues of Ho). Our strategy is to show that for a given negative energy ε, the
system can be tuned by varying the strength t of the coupling w to obtain a bound-state at that energy. In particular,
for ε = 0− (meaning infinitesimally smaller than 0) we can thereby obtain a zero-energy bound-state. Then we can
employ the fact that by a small upward shift of vc, a zero energy bound-state at ε = 0
− becomes a zero-energy FR at
ε = 0+ (see the Jost function discussion in the main text).
In Eq. (37) for the T matrix, it is evident that veff(ε) is regular as ε→ 0± because ε is outside the spectrum of Hc
defined by 0 ≤ ǫp ≤ ∞. Therefore, if there is a singularity of 〈k|T (ek)|k〉 leading to an infinite scattering length, or a
singularity of 〈k|T (ε = 0−))|k〉 that corresponds to a zero-energy bound-state, it must be associated with the second
factor of the T matrix,
[1−Q(ε)]−1 ≡ [1−Go(ε)veff(ε)]−1 = [1−Go(ε)w†Gc(ε)w]. (39)
Thus, we need to show that [1 −Q(ε = 0−)]−1 can be tuned to singularity. For this purpose, it is sufficient to show
that Q(ε = 0−) acting in Ho is positive definite, because then, the operator [1 − Q(ε = 0−)]−1 can be tuned to be
singular (by varying the strength t of the coupling w), leading to a pole of 〈k|T (ε))|k〉 at ε = 0−.
Sine both Ho and Hc have a positive continuous spectrum, the negative energies ε < 0 are outside the spectra of
both Ho and Hc. Hence, there is no need to add a small imaginary part iη to the energy variable because the limit
η → 0 can be safely applied. In other words, for ε < 0,
Q(ε) = (ε−Ho)−1w†(ε−Hc)−1w. (40)
Consider the eigenvalue equation defined for |ψ〉 ∈ Ho,
Q(ε)|ψ〉 = (Ho − ε)−1w†(Hc − ε)−1w|ψ〉 = λ|ψ〉 . (41)
(Note that the double sign changes in the resolvents compensate each other). We want to show that as ε → 0−,
λ > 0. Clearly, for a given ε < 0, both denominators are positive definite. Therefore, the operators (Ho − ε)−1/2
and (Hc − ε)−1/2 are both Hermitian. Using the notation, |ψ〉 = (Ho − ε)−1/2|φ〉 the eigenvalue problem becomes
Hermitian, i.e.,
(Ho − ε)−1/2w†(Hc − ε)−1/2︸ ︷︷ ︸
A†
(Hc − ε)−1/2w(Ho − ε)−1/2︸ ︷︷ ︸
A
|φ〉 = λ|φ〉 . (42)
Moreover, the Hermitian operator acting on |φ〉 has the form A†A where A = (Hc − ε)−1/2w(Ho − ε)−1/2, therefore,
it is positive definite and hence λ > 0. Thus, we have established that the system can be tuned to have a zero-energy
bound-state. By an infinitesimally small upward shift of vc this bound-state becomes a pole of the on-shell T matrix
〈k|T (ek)|k〉 as k → 0, namely, a FR.
III. RELATION BETWEEN COUPLING STRENGTH τ AND THE SIGN OF a NEAR UNITARITY
From Eq. (2) we see that Sign[a] = −Sign[δ(0)]. To elucidate the sign of δ(0) let us return to Eq. (11) of the main
text, tan δ = N(k, τ, v0,∆,Λ)/D(k, τ, v0,∆,Λ) where v0 is defined in Eq. (12). Since N(k...) = C sin k (C > 0), the
sign of a is determined by the sign of D(k...) as k → 0. It is more convenient to express D as function of εk and
inspect its sign as εk → −2. Explicitly,
D(εk, τ, v0,∆,Λ) =
√
(v0 − εk)2 − 4 + v0 − 2∆+ (τ2 − 1)εk
+ 12Λεk[(v0 − 2∆) +
√
(v0 − εk)2 − 4− εk] , (43)
11
where v0, defined in Eq. (12) of the text is such that D(−2, τ, v0,∆,Λ) = 0. Expanding D(εk, τ, v0,∆,Λ) near
threshold εk = −2 and recalling that, by construction, D(−2, τ, v0,∆,Λ) = 0 we get,
D(εk, τ, v0,∆,Λ) ≈ D′(−2, τ, v0,∆,Λ)(εk + 2) = 4D′(−2, τ, v0,∆,Λ) sin2 k2 . (44)
This result shows that (1) the denominator of tan δ(k) vanishes faster that its numeratorN(k...) = C sin k, as discussed
after equation (12) of the text. (2) The sign of δ(0) is determined by the sign of D′(−2, τ, v0,∆,Λ). For fixed Λ and
∆, the function f(τ) ≡ D′(−2, τ, v0,∆,Λ is a complicated function of τ (recall that v0 as given by Eq. (12) of the
text also depends on τ). However, it is not difficult to check that f(τ) changes sign at some point τ0 such that
Sign[f(τ)] = Sign[δ(0)] = Sign[(τ − τ0)]. Thus we have,
Sign[a] = −Sign[δ(0)] =
{
+ (τ < τ0)
− (τ > τ0)
. (45)
In actuality, τ0 is only weakly dependent on ∆ and Λ.
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